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1.

Introduction

A left-orderable group is a group Γ which admits a total ordering  invariant under multiplications, that is, f ≺ g ⇒ hf ≺ hg for all f, g, h ∈ Γ.
Equivalently Γ is left-orderable if we can find P ⊂ Γ satisfying
i) P P ⊆ P , so P is a semigroup.
ii) Γ = P t P −1 t {id}, where the unions are disjoint.
The set P is usually called the positive cone of an ordering , since the
equivalence between the two above definitions is given by P = {f ∈ Γ |
f  id}.
Given a left-orderable group Γ, we shall denote by LO(Γ) its associated
space of left-orderings, which consists of all possible left-orderings on Γ. A
natural topology can be put in LO(Γ) by considering the inclusion P 7→
χP ∈ {0, 1}Γ , where χP denotes the characteristic function over P , and the
topology on {0, 1}Γ is the product topology. In this way, we have that two
left-orderings are close if they coincide on a large finite set. Moreover, one
can check that the inclusion LO(Γ) → {0, 1}Γ is closed, hence proving
Theorem 1.1 (Sikora [12]). With the above topology, LO(Γ) is compact
and totally disconnected. Moreover, if Γ is countable, then LO(Γ) is metrizable.
It is interesting to observe that if Γ is countable and LO(Γ) has no
isolated left-orderings, then LO(Γ) is homeomorphic to the Cantor set.
The problem of relating the topology of LO(Γ) with the algebraic structure
of Γ has been of increasing interest since the discovery by Dubrovina and
Dubrovin that the space of left-orderings of the braid groups is infinite and
yet contains isolated points [2]. Recently, more examples of groups showing
these two behaviors have appeared in the literature [1, 4, 5, 8]. Although all
this groups contain free subgroups, it is known that non-trivial free products
of groups have no isolated left-orderings [10]. In the same spirit, it is a result
of Navas [7], that for finitely generated groups with subexponential growth
(e.g. nilpotent groups), the associated space of left-orderings is either finite
or homeomorphic to the Cantor set.
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2.

Main results

In this talk I will try to convince you of the following result.
Theorem A(Rivas-Tessera [11]): The space of left-orderings of a countable virtually solvable group is either finite or homeomorphic to a Cantor
set.
There are at least three main ingredients, the first one being the notion
of convex subgroup of an ordered group (see for instance [6]).
Definition 2.1. A subset C of a left-ordered group (Γ, ) is convex if the
relation c1 ≺ f ≺ c2 , for c1 and c2 in C, implies that f ∈ C.
For us, the main utility of this notion is the following
Proposition 2.2. Let  be a left-ordering on Γ and let H be a convex
subgroup. Then there is a continuous injection LO(H) → LO(Γ), having
 in its image. Moreover, if in addition H is normal, then there is a
continuous injection LO(H) × LO(G/H) → LO(G) having  in its image.
Therefore, to prove Theorem A, given a left-ordering  it is enough to
find subgroup H that is convex for  and such that LO(H) has no isolated
left-orderings, or such that H is normal and LO(Γ/H) has no isolated
left-orderings.
The second main ingredient is the following nice characterization of
left-orderability (see [3])
Proposition 2.3. For a countable group Γ, the following assertions are
equivalent
• Γ is left-orderable.
• Γ acts faithfully by order preserving homeomorphisms of the real line.
This puts at our disposal the strong machinery of group actions on the
real line. For instance, of mayor importance for us will be the following
theorem.
Theorem 2.4 (Plante [9]). Every finitely generated nilpotent group of
Homeo+ (R), acting without global fixed point, preserves a measure on the
real line, which is finite on compact sets and has no atoms (a Radon measure for short).
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Finally, the last main ingredient is the notion of Conradian orderings.
Recall that a left-ordering  is called Conradian, if in addition it satisfies
that f  id, g  id ⇒ f g 2  id. What it is so important about Conradian
orderings is their nice dynamical counterpart discovered by Navas in [7].
Theorem 2.5 (Navas [7]). Let  be a Conradian ordering on a group Γ.
Then, the action on the real line associated to  is an action without crossings.
The easiest definition of a crossing is the following picture.

g
f

Figure 1: The graphs of the crossed homeomorphisms f and g.
Equivalently, a group Γ ⊂ Homeo+ (R) is said to acts without crossings, if
whenever f ∈ Γ fixes a open interval If , but has no fixed point in it, then
for any g ∈ Γ we have that

If , or
g(If ) ∩ If =
∅.
This three main ingredient will be put to work together in order to
show Theorem A. We shall put some emphasis in the case where Γ is
a polycyclic group (that is when Γ is finitely generated solvable, and its
successive quotient in the derived series are cyclic), which is the simpler
non-trivial incarnation of Theorem A.

References
[1] P. Dehornoy, Monoids of O-type, subword reversing, and ordered groups Preprint,
(2012), available on arxiv.
[2] T. V. Dubrovina and N. I. Dubrovin, On Braid groups, Mat. Sb. 192 (2001), 693703.
[3] E. Ghys. Groups acting on the circle, Enseign. Math. 47 (2001), 329-407.

182
[4] T. Ito. Dehornoy-like left orderings and isolated left orderings J. of Algebra, 374
(2013), 42-58.
[5] T. Ito. Constructions of isolated left-orderings via partially central cyclic amalgamation, Preprint (2012), available on arxiv.
[6] V. Kopytov and N. Medvedev. Right ordered groups. Siberian School of Algebra
and Logic, Plenum Publ. Corp., New York 1996.
[7] A. Navas. On the dynamics of (left) orderable groups. Ann. Inst. Fourier (Grenoble)
60 (2010), 1685-1740.
[8] A. Navas. A remarkable family of left-ordered groups: central extensions of Hecke
groups. J. of Algebra 328 (2011), 31-42.
[9] J.F. Plante. On solvable groups acting on the real line. Trans. Amer. Math. Soc.
278 (1983), 401-414.
[10] C. Rivas. Left-orderings on free products of groups. J. of Algebra 350 (2012),
318-329.
[11] C. Rivas and R. Tessera. On the space of left-orderings of virtually solvable groups.
Preprint 2012, available on arxiv.
[12] A. Sikora. Topology on the spaces of orderings of groups. Bull. London Math. Soc.
36 (2004), 519-526.

Universidad de Santiago de Chile
Alameda 3363, Estación Central, Santiago, Chile
cristobal.rivas@usach.cl

