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Pseudo-Anosov flows are extremely common amongst three manifolds, for example 1) Suspension pseudo-Anosov flows [Th1, Th2, Th3];
2) Geodesic flows in the unit tangent bundle of negatively curved surfaces
[An]; 3) Certain flows transverse to foliations in closed atoroidal manifolds
[Mo, Cal1, Cal2, Cal3, Fe]; flows obtained from these by either 4) Dehn
surgery on a closed orbit of the pseudo-Anosov flow [Go, Fr]; or 5) Shearing along tori [Ha-Th]; 6) Non transitive Anosov flows [Fr-Wi] and flows
with transverse tori [Bo-La].
We consider the following question: how many different pseudo-Anosov
flows are there in a manifold up to topological conjugacy? Topological
conjugacy means that there is a homeomorphism between the manifolds
which sends orbits of the first flow to orbits of the second flow. We also
consider the notion of isotopic equivalence, i.e. a topological conjugacy
induced by an isotopy, that is, a homeomorphism isotopic to the identity.
Here we consider only closed, orientable, toroidal manifolds. They have
incompressible tori and and also since they support a pseudo-Anosov flow
they are irreducible. Therefore the manifolds are Haken manifolds. We
recently proved that if M is Seifert fibered, then the flow is up to finite
covers topologically conjugate to a geodesic flow in the unit tangent bundle of a closed hyperbolic surface [Ba-Fe1]. We also proved that if the
ambient manifold is a solvable three manifold, then the flow is topologically conjugate to a suspension Anosov flow [Ba-Fe1]. We stress that in
both cases the results imply that the flow does not have singularities, that
is, the type of the manifold strongly restricts the type of pseudo-Anosov
that it can admit. This is in contrast with the strong flexibility in the
construction of pseudo-Anosov flows − that is because many flows are constructed in atoroidal manifolds or are obtained by flow Dehn surgery on
the pseudo-Anosov flow, which changes the topological type of the manifold. Therefore in many constructions one cannot expect the underlying
manifold to be toroidal.
Here we consider pseudo-Anosov flows in graph manifolds. A graph
manifold is an irreducible three manifold which is a union of Seifert fibered
pieces. In [Ba-Fe1] we produced a large new class of examples in graph
manifolds. These flows are totally periodic. This means that each Seifert
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piece of the torus decomposition of the graph manifold is periodic, that is,
up to finite powers, a regular fiber is freely homotopic to a closed orbit of
the flow. More recently, Russ Waller [Wa] has been studying how common
these examples are, that is, the existence question for these type of flows.
He showed that these flows are as common as they could be (modulo the
necessary conditions).
Here we analyse the question of the classification and rigidity of such
flows. To do that we introduce Birkhoff annuli. A Birkhoff annulus is an
a priori only immersed annulus, so that the boundary is a union of closed
orbits of the flow and the interior of the annulus is transverse to the flow.
For example consider the geodesic flow of a closed, orientable hyperbolic
surface. The ambient manifold is the unit tangent bundle of the surface.
Let α be an oriented closed geodesic - a closed orbit of the flow - and
consider a homotopy that turns the angle along α by π. The image of
the homotopy from α to the same geodesic with opposite orientation is
a Birkhoff annulus for the flow in the unit tangent bundle. If α is not
embedded then the Birkhoff annulus is not embedded. In general Birkhoff
annuli are not embedded, particularly in the boundary.
In [Ba-Fe1] we proved the following basic result about the relationship
of a pseudo-Anosov flow and a periodic Seifert piece P : there is a spine Z for
P which is a connected union of finitely many elementary Birkhoff annuli.
In addition the union of the interiors of the Birkhoff annuli is embedded and
also disjoint from the closed orbits in Z. These closed orbits, boundaries of
the Birkhoff annuli in Z, are called vertical periodic orbits. The set Z is a
deformation retract of P , so P is isotopic to a small compact neighborhood
N (Z) of Z.
The first theorems (Theorem A and B) are valid for general Seifert
fibered pieces in any closed orientable manifold M , not necessarily a
graph manifold.
Theorem A ([Ba-Fe2]). Let Φ be a pseudo-Anosov flow in M 3 . If {Pi } is
the (possibly empty) collection of periodic Seifert pieces of the torus decomposition of M , then the spines Zi and neighborhoods N (Zi ) can be chosen
to be pairwise disjoint.
The next result shows that the boundary of the pieces can be put in
good position with respect to the flow:
Theorem B ([Ba-Fe2]). Let Φ be a pseudo-Anosov flow and Pi , Pj be periodic Seifert pieces with a common boundary torus T . Then T can be
isotoped to a torus transverse to the flow.
Theorem C ([Ba-Fe2]). Let Φ be a totally periodic pseudo-Anosov flow
with periodic Seifert pieces {Pi }. Then neighborhoods {N (Zi )} of the spines
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{Zi } can be chosen so that their union is M and they have pairwise disjoint interiors. In addition each boundary component of every N (Zi ) is
transverse to the flow. Each N (Zi ) is flow isotopic to an arbitrarily small
neighborhood of Zi .
We stress that for general periodic pieces it is not true that the boundary of N (Zi ) can be isotoped to be transverse to the flow. There are some
simple examples as constructed in [Ba-Fe1]. The point here is that we
assume that all pieces of the JSJ decomposition are periodic Seifert pieces.
Hence, according to Theorem C, totally periodic pseudo-Anosov flow
are obtained by glueing along the bondary a collection of small neighborhoods N (Zi ) of the spines. There are several ways to perform this glueing
which lead to pseudo-Anosov flows. The main result is that the resulting
pseudo-Anosov flows are all topologically conjugate to each other:
Theorem D ([Ba-Fe2]). Let Φ, Ψ be two totally periodic pseudo-Anosov
flows on the same orientable graph manifold M . Let Pi be the Seifert pieces
of M , and let Zi (Φ), Zi (Ψ) be spines of Φ, Ψ in Pi . Then, Φ and Ψ are topologically conjugate if and only if there is a homeomorphism of M mapping
the collection of spines {Zi (Φ)} onto the collection {Zi (Ψ)} and preserving
the orientations of the vertical periodic orbits induced by the flows.
Finally we show that for any totally periodic pseudo-Anosov flow Φ
there is a model pseudo-Anosov flow as constructed in [Ba-Fe1] which has
precisely the same data Zi , N (Zi ) that Φ has. This proves the following:
Main theorem ([Ba-Fe2]). Let Φ be a totally periodic pseudo-Anosov
flow in a graph manifold M . Then Φ is topologically equivalent to a model
pseudo-Anosov flow.
Model pseudo-Anosov flows are defined by some combinatorial data
(essentially, the data of some fat graphs and Dehn surgery coefficients) and
some parameter λ. A nice corollary of these results is that, up to topological
conjugation the model flows actually do not depend on the choice of λ, nor
on the choice of the selection of the particular glueing map between the
model periodic pieces.
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